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Abstract 

In this paper, we study the purely discontinuous Girsanov transforms which were discussed in 
Chen and Song [3] and Song [9] . We show that the transition density of any purely discontinuous 
Girsanov transform of a a-stable-like process, which can be nonsymmetric, is comparable to the 
transition density of the a-stable-like process. 
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1 Introduction 



Suppose that (X,Fx) is a Brownian motion in M'^ and Mt is the u-field generated by {Xs, s < t}. 
Define 



Lt = exp (^^ b{Xs)dXs - ^ ^ \b{Xs)\^ds^ 



where b is an M'^-valued function on M'^. When b satisfies certain natural conditions, Lt is a 
nonnegative local martingale under each and thus is a supermatingale multiplicative additive 
functional of X. Lt defines a family of probability measure {Fx : x € M'^} on M^o by dFx = LtdF^ 
on Mt- Under this family of measures {Fx '■ ^ ^ M°'}, Xt is denoted by Xf The process X is called 
a Girsanov transform of X and the transition density of X has Gaussian upper and lower estimates 
for certain natural function b. 

The main purpose of this paper is to study upper and lower estimates on the transition densities 
of Girsanov transforms of a-stable-like processes (see definition 1.1). 

Let's first recall the purely discontinuous Girsanov transforms studied in [3j. For convenience, 
we consider the state space M instead of a Lusin space E in [3]. Let B{R'^) be the Borel a-field 
and m a cj-finite measure on S(M'^) . Let X = {Xt,Ft) be a m-Hunt process on and has a Levy 
system (N,H). That is for any nonnegative function / on R'^ x M*^ vanishing on the diagonal 

Ex (^J{Xs-,Xs)j =Ex (^1^ I^J{Xs,y)N{Xs,dy)dHs^ , 

for every x G and t > 0. 

Let F be a bounded function on M*^ x M*^ that vanishes on the diagonal. We say F S J(^) if 

lim sup E,. f r / \F\{Xs,y)N{Xs,dy)dHs) = 0, 

see [2]. If F G -^{X) also satisfies the condition \nix,y&E F{x^y) > —1, then the process 

y2 F{Xs-,Xs)- [ [ F{Xs,y)N{Xs,dy)dHs 
o<s<t -^0 -^^^ 

is a martingale and its Doleans-Dade exponential is (see Theorem 9.39 of [5]) 

Lt = exp(^- J^^F{Xs,y)N{Xs,dy)dH,^ll{l + F{Xs^,Xs)) 

= exp f Vln(l + F(X3_,X,))- r / F{Xs,y)N{Xs,dy)dHs 
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Lt is a nonnegative local martingale and thus a supermartingale multiplicative functional of X. 
Lt defines a family of probability of measures {Px,2; G W^} on A4oo by dPx = LtdPx on A4t, see 
section 62 of [6j. Let X = (Xt^M^Ait^^x^x G W^) denote this new process. Under this family 
of measures IP^^ X^ is denoted by Xi. The process Xi is called a purely discontinuous Girsanov 
transform of X. Under further assumption that F € A2{X) (see [3j for definition) and with a 
Lusin space E instead of W^, it was shown in [3j that the Green function of a purely discontinuous 
Girsanov transform of X is comparable to that of X, especially when X is a symmetric stable 
process. Under the assumption that F € l2(-^) (see |9] for definition) and with a Lusin space E 
instead of W^, it was shown in [9j that when X is a symmetric stable process, the transition density 
of a purely discontinuous Girsanov transform of X is comparable to that of X. 

One of the main tools used in [3] and ^ is the Dirichlet form. The Dirichlet form was also used 
in to study the two-sided estimates on the density of the Feynman-Kac semigroups of symmetric 
a-stable-like processes (see definition 1.1). The Dirichlet form works well when the processes are 
symmetric. It encounters difficulty when the processes are not symmetric. 

Let's introduce a-stable-like processes in the following. 

Suppose the process X = {Xt,Ft) given above has a Levy system {N,H) given hy Ht = t and 

Nix, dy) = 2C(x, y)\x - y\-'^''+''^ m{dy), 

where m a cr-finite measure on BiW^) given by m{dx) = M{x)dx with M{x) nonnegative and 
bounded. 

Definition 1.1 We say that X is an a-stable-like process ifC{x,y) is bounded. 

In this paper we assume that X admits a transition density p(t, x, y) with respect to m and 
p{t, X, y) is jointly continuously on (0, oo) X M*^ X and satisfies the condition 

(j_ \ d+a / i_ \ d+a 

l^- — ^1 <pit,x,y) <M2t~i \l ^. — ^1 , V(t, X, z) G (0, oo) X M'^ X M"', 
\x-y\j \^ \x-y\j 

(1.1) 

where Mi and M2 are positive constants. 

Here we do not assume that X is symmetric. When X is symmetric, it is called a symmetric 
a-stable-like process, which was introduced in [4j, where a symmetric Hunt process is associated 
with a regular Dirichlet form and thus Dirichlet form method can be applied. 

We list some examples for a-stable-like processes. One dimensional a-stable processes with their 
Levy measure v concentrated neither on (0, 00) nor on (— cxd,0) are a-stable-like processes, as their 
C{x,y) are bounded and densities p{t,x,y) satisfies (1.1), see Definition 14.16 and Remark 14.18 
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in [?]• For higher dimensions, [TT] gave a large class of nonsymmetric strictly a-stable processes 
which satisfy (1.1) with C{x,y) bounded. So this class also belongs to the class of a-stable-like 
processes. 

In pU], we developed a method, which was based on an idea in [Ij for Brownian motions, 
some results on discontinuous functionals and some techniques for integral estimates, to obtain the 
estimates on the density of the Feynman-Kac semigroups of a-stable-like processes where neither 
F nor X is symmetric. In this paper, by improving this method so that it also works for the 
purely discontinuous Gisarnov transform, we will show that the transition density of the purely 
discontinuous Girsanov transform of X is comparable to that of X with neither F nor X being 
symmetric. 

The content of this paper is organized as follows. In section 2, we present preliminary results 
on additive functionals. In section 3, we establish the two-sided estimates on the transition density 
of the purely discontinuous Girsanov transformations under certain assumptions of F{x,y). 

2 Preliminary Results on Additive Functionals 

For any / > 0, let = ^ - Df \ where 

Bi'^ = ^lnil + FiXs-,Xs))l{ix._^Xs\>i/i}, 

s<t 



and 



Z)f = / / F{Xs,y)l{\x..y\>i/i}N{Xs,dy)dHs, / = 1,2, 
Jo Je 



B^^ is a pure discontinuous functional and ^ is a continuous functional. For convenience of 
notation, we omit the index I, i.e. denote A[^\ B^^ and by At, Bt and Dt respectively. We 
have the following formulae for A^. 

Theorem 2.1 

A" = Ci f A:-UAs-CI f A1-\Hl + F{X,^,Xs)))l{\x,_.xA>i/i}dAs + --- 
Jo Jo 

+(-l)*-ic; f (ln(l + F{X,.,XsW-\\x,_.xA>m dAs + ..- 
Jo 

+(-l)"-^C (\Hl + F{X,^,Xs))T-\\x^_^xA>i/i}dAs 
Jo 
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and 



= Cl fiAt-AsT-UAs + Cl [\At-Asr-HH^ + F{Xs-,Xs)))^x.__x.\>i/i}dAs 
Jo Jo 

+ • • • + ['{At - ^)"-Xln(l + F{X,^,Xs))r\\x,__x,\>i/i} dA + .-- 
Jo 

[\Hl + F{Xs-,X,))r-%x^__x,\>i/i}dAs. 
Jo 

Proof. Note that 

As - As- =Bs- Bs- = ln(l + F{Xs-,Xs))l{\x._-x.\>yiy. 

We use induction to show these two formulae for A^. It is clear that they hold for ra = 2. Suppose 
they hold for n < m — 1, we show they hold for n = m. 
It follows from the integration by parts formula, 



A^ = f As- dAT^' + f dAs, 
Jo Jo 



where 

/' 

Jo 



As- dA"^-^ 



= [ iAs-ln{l + FiXs-,Xs))l{^x._-x,\>i/i})dAT-' 
Jo 

= pAsdAf-^- f\n{l + F{Xs-,Xs))^x,_-x^\>i/i}dAf-' 
Jo Jo 
j-t ™-l 

- / F(X,_,X,)(^(-iy-iC74_i^r'-'(ln(l + i^(^.-,^.))l{|x._-x.|>i/0> 
•^0 =1 



J 

■dAs ( by the first formula for A^ when n = m — 1 
m-l »t 



J2i-^r'Ci,-i / Ar\\n{l + F{Xs-,Xs))^\x..-x.\>i/i}y-'dAs 

i=l 

m-l „t 

Y.{-ir^Cl_, / Ar^-^{\n{l + F{Xs-,Xs))\{\x,_-xA>mr'd^s 

.7 = 1 
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i=i 

m „t 



1=2 

( let j = i - 1) 

m— 1 



+Cl^, f AT' dAs - {-ir-^ l\Hl + F{Xs-.X,))^x..-xA>mT~'dAs 
■Jo Jo 

m-1 „t 

= ^i-iy-'Ct^ AT-'{\n{l + F{Xs-,Xs))l{\x,_^x.\>my~'d^s 

f Af-' dA, - i-ir [\Hl + FiX,_,X,))^x..-x4>mr-'dA, 
Jo Jo 



Thus 



A^p = f As-dA1'-^+ [ A'^'-UAs 
Jo Jo 

m 



Y^i-iy-^c:, / Ar\Hi + F{Xs-,Xs))^x..-x.\>mr'dAs 
i=i 



i.e. the first formula for A^ holds for n=m. 

Now we go to the second formula for for n = m. 

Cl fiAt-AsT-^As 
Jo 

ra—l 



= ci Y.^in-iAi{-ir-'-'AT-'-'dAs 

•^0 i=0 

= Y.(-'^r-'-'C'A_,Ai / A^-'-'dAs 
i=o 

m-1 „t 

= 5](-ir-i-c^(m-z)4 / ^r'-MA, 



i=0 

^1 



(byc4c;,_i = c;„(m-o ) 



m-1 „f 
1^0 
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m— 1 „im—L 
i=0 k=2 



•l{|x,_-x^|>i/i}) dAs) 
( by the first formula of for n = m — i ) 



m—l „f m— 1 

\Tn—i—k 

1=0 ""^ i=0 k=2 

•(ln(l + X,))l{|x,_-x.|>iA})'~' dA, 



m—l „j m—l m— I 

o — n "^0 A — n z — o 



where 



m—l m—l 

^(-1)— i-c^AMr^ = (^(-1)— i-ci)Ar = (i)^r, 



and 



m—l uo—i. 

"^0 i=0 fe=2 

/J m m—k 

( by Ci,Ci_, = CiCi,_, and (-1)— = fc— i ) 

m „t 

= (^t-^r-^(ln(l + F(X,_,X,))l{|^^__^^l>i/0)'"'^^ 

k=2 

m „t 
l._o •''0 



therefore 



['{At-Asr-UAs 
Jo 

m t 
^0 



A;=2 



i.e. the second formula for A!^ holds for n = m. □ 



3 Transition Density of Pure Jump Girsanov Transformation 

We need the following lemmas to prove the main results. 
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Lemma 3.1 For any two positive constants K < 1 and L, there exist two constants Cq\{K,L) and 
Cq2{K,L) which depend on K and L, such that 

LK^-^ + + +■■■ + -— + ...+ < Cq2{K,L)K^, for any n > 1. 

2! 3! i\ n\ 



Proof. Use the fact that there exists iq > 0, such that when j >io, 

U fK 



□ 



Lemma 3.2 For any two positive constants K <1 and L, there exists a constant Cq^{K,L) which 
depends on K and L, such that 

m m—i 

^ ^ C^C4_,(m - i - j)\V-^L^-'K"'-'-^ < CosiK, L)m\K^, for all m>2. 

i=2 j=2 

Proof. 

i=2 j=2 

m m—i I 



/-^ /-^ ^Inl 

2 

^i-2 (-^IJ 



m—i—j 



Ti-2 r^-i Tj-2 

i=2 \j=2 ■' 

m J j_2 

<^!^ C'oi(L,i^)i^— ^ 

i=2 

( by the same argument of lemma 3.1, where Cqi{L,K) is a positive constant ) 

<Coz{L,K)m\K^ 

( by the same argument of lemma 3.1, where Cq^{L, K) is a positive constant ). 



□ 



8 



From now on we define qo(t,x,y) = p{t,x,y) where p{t,x,y) is the transition density of a- 
stable-hke process X and satisfies (1.1). 

By the second formula for A^, we have for any g bounded measurable 

E,[A^g{Xt)] 

" i-t 

= ^C;E,[ / {At - A,r-^g{Xt){ln{l + F{X,_,X,))y-H{^x,__x.\>i/i} dA,] 
" f-t 

= ^ C;E,[ / {At - Asr-^g{Xt){ln{l + F{X,_,X,))r\\x.__xA>m dBs] 
" j-t 

- Cy^xi / {At - A,r-^g{Xt){ln{l + F{Xs-,Xs))r\\x^_^xA>m d^s] 
i=i 

= ^c;e,[/ Ex. d{Y,{H^ + F{Xr-,Xr))r^x^_^xA>m\ 

i=l r<s 

- CX[ f^x. {A^=}9{Xt-s)) dDs] 
■ds\. 



We define qn\t,x,z) as follows, 

^* 2C(«;,y)(ln(l + F(u;,y))-F(w;,2/))l{|^_^|>i/,} 



/ / p{s,x,w)m{dw) / I ij, 

N V^^i f , X /, X /■ 2C(u',y)(ln(l + F(i/;,y)))* 

■qn-i{t-s,y,z)m{dy)ds + Y.^n / p{s,x,w)m{dw) id+a 



i=2 

• l{i«,-j;|>i/z}gn-i(i - s, y, z) m{dy)ds. 



For convenience, we denote qn\t,x,z) by qn{t,x,z). 
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Then by induction, we can show that for any n > 1, 

/ qnit,x,z)g{z)m{dz) =E^[A'^g{Xt)], 

and 



E,[A^g{Xt)] 



* r 2C(X„y)(ln(l + F(X„y)))n{|x,-,|>i/o 



m{dz)m{dy)ds]+y^Ci,E,[f [ 

■o Jo JM 



.^2 \Xs-y\<'+- 



■ J ^ Qn-iit - s, y, z)g{z) m{dz) m{dy)ds\ 



/ qn-i{t- s,y,z)g{z)m{dz)m{dy)ds + y2,^n I / p{s,x,w)m{di 

JRd ~^ Jo JR'i 

[ '^C{w,y){\n{l + F{w,y)))%\^_y\^^,i} f w W 

/ i iJTZ ■ — —■ qn-i{t - s,y,z)g{z)m{dz)m{dy)d6 



Let K(j,Q be the Kato class. Recall the definition of Kato class. We say that a function V on 
belongs to the Kato class Kd,a if limtj.o sup^-g^d /q J^dP{t, x, y)\V {y)\dyds = 0. We say that a signed 
measure fi on belongs to the Kato class K.^ ^ if liHitjo sup^.gj{d J^d,p{t,x,y)\iJ,\{dy)ds = 0. 

Suppose F is a function on R'^ x M*^. 



Definition 3.1 We say F belongs to 3d,a if F is bounded, vanishing on the diagonal, and the 
function 

7]Kd \x - y\'^+°' 

belongs to „ . 



We assume infx^y^E F{x,y) > — 1, F{x,y) vanishes on the diagonal and satisfies 

f F\w,y) ^ 
w ^ I -r; — ay 

\w - y\<^+^ 

and 

^ f F\w,y) 

both belong to K(J,q, i.e. F'^{x,y) and F'^{y,x) both belongs to 3d,a- 
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It is clear that there exist constants Ci and C2 such that 



I ln(l + y)) - F{x, y)\ < CiF^x, y), Vx, y e E, 

and 

\ln{l + F{x,y))\<C2\F{x,y)\, yx,y e E. 

For the constants Ci and C2 given above, we assume that there exist constants C, L and M 
such that 

max(|2C(x,y)(:7i|,|2C(x,y)C2|,C2) < C (3.1) 
max{\2F{x,y)\,\2CF{x,y)\) < L, (3.2) 

and < M{y) < M where m{dy) = M{y)dy. 

Define F{x,y) = \F{x,y)\ + \F{y,x)\, which is symmetric and satisfies \F{w,y)\ < L . Define 
p{t, X, y) = p{t, x, y) + p{t, y, x). Then p{t, x, y) is symmetric and satisfies 

(j_ \ d+a / j_ \ d+a 

1 A , ^" , I < p(t,x,y) < 2M2t~^ I 1 A , ^" , | , V(t, x, y) G (0, 00) x M'^ x M'^. 
\x-y\J \ \x-y\J 

— 2 

Denote {J^a |f Jjd+l dy)dw by n{dw) and let Ct = sup^^^j^d J^ap{s,x,w) n{dw)ds. Then 
Ct J, as t J, 0. It is clear that there exist two positive constants Di and D2 such that Di < 
J^dP(t,x,y)m(dy) < D2, as p{t,x,y) is comparable to p{t,x,y). Let qQ{t,x,z) = p{s,x,z) and 
define g„(t, x, z) by 

qn{t,x,z) = Cl i i p{s,x,w)m{dw) -^qn_i{t - s,y, z) m{dy)ds 



y2^n / pis,x,w)m{dw) 
~^ Jo 



C F {w,y)_ 

ln-i{t - s,y,z)m{dy)ds. 



\w - y\'^+°' 



By the choice of C in (3.1), it is clear that |g„(t, x,z)| < q„{t,x,z). We can see that qn{t,x,z) 
may not be symmetric even when F{x,z) and p{t,x,z) are symmetric. Thus we can not use an 
argument similar as that used in lemma 3.3 in |10j . 
Next are the main results. 
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For the positive constants L, C, and M given above, and K < 1, M2 given in Lemma 3.1, 
Lemma 3.2 and (1.1), there exists positive constants C and Ci such that 



CM D2 < CK, 
C < -CiK, Vm > 

rmr)2 1 

C < -CimlK'^, Vm > 0. 

We claim 

Theorem 3.3 There exist constants t2 > 0, C > and Ci > such that when < t < t2, 

1. / q^{t,x,z)m{dz) <CCtn\K'', yn>l, (3.3) 
/ q^{t,x,z)m{dx) < CW-K'', Vn > 1. (3.4) 

(j_ \ d+a 
1 A j , Vn > (3.5) 

Proof. We show statement 1 holds for n = 1 
Qi {t, X, z) m{dz) 



III p{s,x,w)m{dw) / 7^p{t- s,y,z)m{dy)dsm{dz) 

p{s,x,w)m{dw) [ ^ / p{t — s,y, z) m{dz) m{dy)ds 

jRd \w - y\'^+°' 

/ / p{s,x,w)m{dw) / I rj—m{dy)dsD2 



72 



< CM CtD2 < CCtK 



and 



/ qi{t,x, z) m{dx) 

< I / / p{s,x,w)m{dw) 
Jo Jw 



^J^-^y\d+l p(^ - y, z) m{dy)ds m{dx) 
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III p{s,x,w)m{dx)m{dw) / r^p{t - s,y, z) m{dy)ds 

p{s,w,x)m{dx)m{dw) / r^p{t - s,y,z)m{dy)ds 



( by symmetry of p{s, x, w)) 



mCF^{w,y) , , , , X . , X , 
,_,^;;^^:^.rn(d^n)pit-s,y,z)m(dy)ds 



< CM CtD2 < CCtK. 



Thus statement 1 holds for n = 1. 

Since ^o(^) ^) = P{t^ statement 2 holds for n = 0. We show it also holds for n = 1. We 
write Qiit^x^z) in the following way, 



p{s,x,w)m{dw) I ^^p{t- s,y,z)m{dy)ds 

+ / / p{s,x,w)m{dw) / 1 -j—p{t - s,y,z)m{dy)ds. 



First we look at the first term in the expression of qi{t, x, z). 

There are two cases: 

Case 1. When |x — z| < t^, 

.1 „ ^ ^TT^2, 



p{s,x,w)m{dw) / -j—p{t-s,y,z)m{dy)ds 

< / p{s,x,w)midw) [ ^ ^""'f dydsCMC^{l-)-i 

Jo jRd J^d \w - 2 

<qcm'ci(^)-1 



Since J, as t | 0, there exists toi > such that when < t < toi, 

^2A,_d 1 



CtCM (-)-^ < -K. 



Thus 

' f f C (uj y\ 1 




JR'' 
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Case 2. When \x - z\ > . Let Bi = {y e \y - z\ > jq\x - z\},B2 = {tv € \w - x\ > 
2~^x- z\} and = {{w,y) G R*^ x M*^! \y - z\ < -^{x — z\, \w — x\ < 2~^\x- z\}. On ^3, we have 
\w-y\> {l-^-2--2)\x-z\. 



^ /• . , , , /■ CF''{w,y)_^ 



p{s,x,w)m{dw) / I ^^p{t - s,y,z)m{dy)ds 



< 



I / p{s,x,w)m{dw) / -^p{t- s,y,z)lBi{y)m{dy)ds 

Jo JR"^ Jr'* 1"^ ~ y\ 

t 9 

+ / / p(s,a;,u;)m(d'u;) / , ^p{t - s,y,z)lB2{w)m{dy)ds 

Jo JRd J^d \w - 



I r . . r CF\w,y). 



+ / pis,x,w)m{dw) / I ^^p{t- s,y,z)lB3{w,y)m{dy)ds 

Jo JR'i JR'i F - yr^ 

t 2 

< r [ p{s,x,w)m{dw) [ ^ ^^;J^^^ MCC'ilO'^+" ~ dyds 

Jo Jwi JRd F - yr F - ^r^ 

+ d«;(7iM'2i('^+")- i-^/ j^^^^Cp{t-s,y,z)dyds 

Jo jRd \x - jRd \w - yr+" 

+ r~~ r— — / / p{s,x,w)m{dw) [ \j—-p{t-s,y,z)m{dy)ds 

(1 - ^ - 2~2)<i+a Jo JRd Jjs^d \x - z\'^+°' 
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< (c.iCMho'^^Q + Ci(Cm'25('^+"))q) ^ + C- ^ 

^ ^ Ix-Zf^" (I- ±-2~2)d+a\x- zf^" 

(by symmetry, p(t - s, y, z) = p{t - s,z,y) ). 



There exists to2 > such that when < t < to2, Ct is small enough and the sum of the first two 

- t 



terms < \C\K- — ^T^- third term, we know that 
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Thus 



C < -CiK. 

(l_i_2-.)^+« 4 



t 2 

r [ p{s,x,w)m{dw) I ^lV+J i{t - y, z) m{dy)ds < \cK- 

Jo jR<d JR"^ F — y| ^ \x — z\ 

Combining case 1 and case 2, when < i < min(toi, ^02); 

t „ „ — — 2, , / 1 \ 




p{s , X , w)m{dw) / -j 7^ri—p{t — s,y,z)m{dy)ds<-CiKt « lA 



/o JRd ' ' Jffid \w - y|<^+" ' ' 2 y \x- z\ 

For the second term in the expression of qi{t, x, z): 

/ / p{s,x,w)m{dw) / 1 r^p{t - s,y,z)m{dy)ds, 

J $; JRd JRd F ~ y| 
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let t — s = s. The second term becomes 

t 2 

n_, , \ / 7 \ f CF (w,y)_,^ , / , X ,~ 

p{t - s,x,w)m{dw) / 1 rj—p{s,y,z)m{dy)ds. 

There are two cases: 

Case a. When |ic — 2;| < t«, 

t 2 

p{t - s,x,w)m{dw) / I ^^j—p{s,y,z)m{dy)ds 

t 2 

< /' / C'i(|)-^m(d^.) / 1^ ^'"\ll Vp{s,z,y)m{dy)d~s 



< CiCM\^)-iCt. 



Since Q | as 1 1 0, there exists to3 > such that when < t < tos, 

CM\\)-iCt < \k. 

Thus 

+ 9 

/ / p{t- s,x,w)m{dw) ^p{s,y,z)m{dy)ds < -CiKt'-. 

Case b. When \x - z\ > d. Let Bi = {y e R'^\ \y - z\ > ^\x - z\},B2 = {w e M."^] \w - x\ > 
2'~^\x — z\} and B3 = {{w,y) G R'^xM'^l \y — z\ < ^\x — z\, \w — x\ < 2~i|x — z|}. On B3, we have 
\w-y\> (l-^-2-|)|x-z|. 

t 2 

/ / p{t - s,x,w)m{dw) [ ^^'ll p{s,y,z)m{dy)ds 

Jo Jvid Jr^ \w - yr+" 

< / / p{t - s,x,w)m(dw) / 7^p{s,y,z)lBi{y)m{dy)ds 

Jo JRd jRd \w - 

f 9 

+ / pit - s,x,w)m{dw) / I ^^p{s,y,z)lB2{w)m{dy)ds 

Jo jRd 7]Rd \w - 

t 9 

p{t- s,x,w)m{dw) / I ^—p{s,y,z)lBs{w,y)m{dy)ds 

< / p{t-~s,x,w)m{dw) f -^i^CC'ilO'^+"^ 



7/1 _ qi\d-\-a ^ It* — rl^i+CK 

Jo Jr" \x - zr+" jRd \w - 2/1°'+" 



15 



<((7i(OT'lO<^+")Q + C'i(OT'2^(<^+«))Q- ^-^) + C- f^.^^ , 

\x-zf^°' (1 _ ^ _ 2-2)rf+a |x - Z| 



+ C ^-^^ — — / / p{t - s,x,w)m{dw) [ \^p{s,y,z)m{dy)ds 



There exists to4 > such that when < t < to4; C't is small enough and the sum of the first two 
terms < \C\K- — ^-njr^. For the third term, we know that 

— i |a;-z|<'+" ' 

r2 n2 1 
(1 - - 2-2)d+a 4 

Thus 



p{t - s, X, w)m{dw) / I |Xr^P(^> y> m{dy)ds < -CiK- 



x-z\'^+°'' 



Combining case a and case b, when <t < min(fo3, io4)) 



/ / pis,x,w)m{dw) r^p{t-s,y,z)m{dy)ds<-CiKt~^ [lA 

J| JRd, JiRd \w — y\ z y 

Therefore, when <t <to = min(toi, to2) ^03) ^04)) 

(i_ \ d+a 
1 A "A 

i.e. statement 2 holds for n = 1. 

Next we suppose statement 1 and statement 2 are true for n < m — 1, we show that they hold 
for n = m. 

First we look at statement 1. 

For the first part of statement 1, 



\x — z\ 



q^{t,x,z)m{dz) 

< / C'm / / p{s,x,w)m{dw) / I ^qjn-i{t- s,y,z)m{dy)dsm{dz) 

jRd Jo jRd J^d \w - 

+ / yi^m I I p{s,x,w)m{dw) / -^L'-'^q^_i{t- s,y,z)m{dy)dsm{dz) 

JM-if^ Jo Jwd jRd \w-y\'^+"' 

<C'm/ / p{s,x,w)m{dw) Qm-i{t- s,y,z)m{dz))m{dy)ds 

Jo jRd JRd \w - yr+" Jud 
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m-1 ^ ^ ^2t=2, 



+ yi^m I I p{s,x,w)m{dw) [ T~~~%i$^'^(/ Qm-iit- s,y,z)m{dz))m{dy)ds 
+ 11 p{s,x,w)m{dw) [ p{t-s,y,z)m{dz))m{dy)ds 
<C^C'Ct(m-l)!K— 1 f [ p{s,x,w)m{dw) [ ^L^:^m{dy)ds 

Jo Jr'^ Jr'' ~ y\ 

+ Y,ClCCt{m-i)\V--'K^-^ f f p{s,x,w)m{dw) [ ^I-^m{dy)ds 

Jo JRd JR-i 



1=2 

( since statement 1 holds for n < rn — 1) 



+ / / pis,x,w)midw) [ ^JL^^L^-^midy)dsD2 
Jo Jr'' Jr'' ~ y| 

m— 1 

< CCt{m - ly.K'^-^CM^Ct + Ci^CCtim - i)\L'-^ K'^-'C^m'' Q + U^-^C^m'^ D2Ct. 



i=2 

For the sum of the first and the second term, there exists > with tn < to such that when 
< t < tu, Ct is smah enough and 

/ m—l 

& (m. - iW T^-'^K'^-^r, \ TTm^ < ^. 



CCt [ C^{m - ly.K""-^ + Ci^{m - i)\L'-'^ K"^-' c \ CM^ < ^CmlK"'. 



\ 1=2 

For the third term, we know that 



-m-27^2— 2 ^ , 1 ^ 



Thus 



U^-^C M D2 < -CmlK"^, Vm > 0. 



/ q^{t,x, z) m{dz) < CCtmlK^ 

jRd 



i.e. the first part of the statement 1 holds for n = m. 

To show the second part of the statement 1 for n = m, we know that 

< C'm / / p{si,x,wi)m{dwi) ^7TzQm-l{t- si,yi,z)m{dyi)dsi 

Jo JR'i Jr^ \wi - yir+° 

+ / / p{si,x,wi)m{dwi) I ^jj^V~'^q^_i{t- si,yi,z)m{dyi)dsi. 

Jo Jr-^ JRd \m-yir^°' 
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Substituting the expressions of Qm-iit — si,yi,z) and q^_^{t — si,yi,z) into the above, we have 

p{si,x,wi)m{dwi) / I ^-hrz m{dyi)dsi{Cln_i / / p{s2,yi,W2) 

' '^^^^'^^ j^i K -^2!'^+" ^'""^^^ - si- S2,y2,z) m{dy2)ds2) 

Jo J^d 7MdFi-yir+" ^ Jo 

— 2 — 2 

•/ p{s2,yi,W2)m{dw2) [ 7 ^ ^^^d+a -^'~^gm-i-i(^ - ^1 - S2, y2, z) m{dy2)ds2) 
+ fl^'mf [ P{sux,w^)m{dw,) [ ^ ^ ^'"\y;l L'--'m{dy,)ds,{Cl_, T"'' 

I p{s2,yi,W2)m{dw2) [ ^^^'j^] g„,^^_i(t - si - S2,y2, z) m{dy2)ds2) 

I — Z J — z 

2 2 

•/ p{s2,yi,W2)m{dw2) [ 7 ^ ^^^^+1^ L^~'^Qm-i-j{'t ~si- S2, y2, z) m{dy2)ds2) 

jRd jRd F2 - y2r+" 

p{si,x,wi)m{dwi) / ^1TZ m{dyi)dsi{C^_i / / p(s2,yi,u;2) 

. JRdFi-yir+" Jo JRd 



^""-l L "^^"^^'"^^ I Z-7r- m[dy,)ds,ct ^^-1 i 

2 2 

•p(.2,yi,^«2)m(d^2) / ^/ I - ^ - i)\n-^K-^-'-^-^ 

jRd \W2 - 2/2 

■ p{t -Si - S2, y2, z) m{dy2)ds2) 

■ p{t - si- S2, 2/2, z) m{dy2)ds2) 



m „i „ „ -^2-t-t2 , rn—t nt—s\ 

zcq insu., K^^'" ^i.-. i 
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• p{t - Si - 52, 2/2, z) m{dy2)ds2) 

( since the statement 2 holds true for n < m — 1) 

■m{dyi)dsi [ [ p{s2,yi,W2)m{dw2) ( ^ ^^'^'f^}„ p{t - si - S2, y2,z) m{dy2)ds2) 

Jo JRrf iKd F2 - 2/2 

m-1 ^ ^ r 

+ C'^EC'm-iC^C'i(m-l-i)!L*-2i^--i--— (/ / p(si,x,^i)m(d^i) 

• - Si - S2, 2/2, ^) m{dy2)ds2) 

1 ft f 



i=2 -^0 



/■ f'K,2/i) , , , , ['-'^ f , ^ . f F\w2,y2) 

■ / I / / P{s2,yi,W2)m{dw2) I 

Jwi \wi - yir^" Jo JRd Jthc 

■ p{t -Si- S2, 2/2, z) m{dy2)ds2) 



\W2 — 2/2!'^"'"° 



m m—i 



^-'wi Jo 7]Rd 



i=2 j=2 



, , Z"*-'^ /• ^ /" ^'(^2,y2) 

m{dyi)dsi / / p{s2,yi,W2)m{dw2) 



d - 2/i|'^+° Jo Ad ' ' 7]Rd |u;2 -2/2!'^"'" 

^(i - si - S2, 2/2, z) m{dy2)ds2). 



It is clear that in the above expression there is the following common factor : 



'0 -/E'i 

-r^2 



p{si,x,wi)m{dwi) [ I ^ 'rn{dyi)dsi [ [ p{s2,yi,W2)m{dw2) 

jRd \Wl - 2/l|"'+" Jo JRd 

/ I ^' \d+a P(^ -Si- S2, y2, z) m{dy2)ds2. 

Jwi \w2 -2/2r+" 



We denote it by G{t,x,z). 

Next we show G{t, x, z) = G{t, z, x). 

Changing variables, let t — si — S2 = si, S2 = S2- The absolute value of the Jacobian of the this 
transformation is 1. Let y2 = wi, yi = ^2, W2 = yi,wi = y2- 
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Thus 



G{t,x,z) = [ [ [ p{t-si-S2,x,y2)m{dy2) [ m(d'u;2) 

_2 

•( / p{s2,W2,y\)m{dyi) I — ^4-^^%h,wi,z)rn{dwi)ds2ds 

jRd J^d \yi - wi\'^+°' 



Rearranging the components of the integrand and using the fact that F{x,y) and p{t,x,y) are 
symmetric in x and y, we can see that the expression of G{t,x,z) is equal to G{t,z,x). 
Therefore 

/ G{t,x, z) m{dx) = / G{t,z,x)m{dx), 

and both 



p{si,z,wi)m(dwi) I I ^ ^^^'fj'lr. ■m{dyi)dsi{ I I p{s2,yi,W2)m(dw2) 
jRd. jRd \wi - yi\'^+°' Jo 




< 

'0 



'(/ / P{s2,yi,w2)m{dw2) [ -T-^—^^T^f p{t - Si - S2,y2,x)m{dx)m{dy2)ds2) 

Jo jRd J^d \W2 - y2r+" jRd 

2 

np{si,z,wi)m{dwi) I I ' D2 m{dyi)dsi 

. jd JRd \wi - 

(/ / p{s2,yi,W2)m{dw2) I I '^^-^m{dy2)ds2) 

Jo JRd J^d \w2 - y2r+" 

f F^(wi,yi) Z"*"*'! f _ 2 

p{si,z,wi)m{dwi) 'm{dy{)dsi{ I I p{s2,yi,W2) n{dw2)ds2D2M ) 

i jRrfFi-yir+" Jo JRd 

nf 'F^{wi,yi) 2 
p{si,z,wi)m{dwi) I '—r— m{dyi)dsiCtD2M 
. .Id J^d \wi - yi\'^+'^ 

< I I pisi,z,wi)iidwiM^CtD2M^ <D2M^CtCt, 

Jo jRd 

which imphes that 

/ qm{t,x,z)m{dx) 

JRd 

< ClCl,_;&Ci{m - 2y.K^-^^^D2JtCtCt 

m— 1 

+ C'^Y1 Cl^-iC'Ciim - 1 - i)\V-'K"^-'-^-—D2JtCtCt 

i=2 ^ 
m ^ 

+ E Cl^Cl_fi'Ci{m - i - l)\V-'K"^-^-'-—D2M'CtCt 

1=2 ^ 
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m m—i 



i=2 3=2 ^ 

Since Q | as t | and Lemma 3.1 and Lemma 3.2 hold, it is easy to see that there exists 
t\2 > with ti2 < to such that when < t < tu, the first three term in the above expression 
< ^CCtmlK"' and the fourth term < ^CCtmlK"'. Thus 



/ q^{t, X, z) m{dx) < CCtmlK"', 



i.e. the second part of statement 1 holds for n = m. Thus statement 1 holds for n = m. 
Next we show statement 2 for n = m. We write ^^(t, x, z) in the fohowing way 

+ 9 

= Cm / p{s,x,w)m{dw) / I ^q^_^(t - s,y,z)m{dy)ds 

Jo Jr'' jRd' 1^ ~ yi 

+ E^m / / p{s,x,w)m{dw) / I r^q^_i{t- s,y,z)m{dy)ds. 

+ C}n I / p{s,x,w)m{dw) / I ^q^_^{t- s,y,z)m{dy)ds 

+ E^m / / p(s,x,u;)m(dw) / rj—q^_i{t-s,y,z)m{dy)ds. 

First we look at the sum of the first and the second terms in the expression of x, z). 
There are two cases: 
Case 1. When — ^| < t«, 

f 2 

Cm f I p{s,x,w)m{dw) [ ^^^-^^^^^q^_i{t- s,y,z)m{dy)ds 
Jo Jw Jr'' f - y\ 

+ E^^ / / P{s,x,w)m{dw) / TTr-Qm-iii - s,y,z)m{dy)ds. 

Jo JRd JRd \w - yl'^^" 



<C'm[' [ p{s,x,w)m{dw) f I ^ dydsCMC^im - l)\K^-\\)-i 

Jo JRd JRd \w - yr^^° 2 

+ fl^in f P{s,x,w)m{dw) f I ^ dydsC^ML'-^C^{m - i)\K^-\\ 
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i=2 



i=2 



There exits tis > with tis < to such that when < t < tis, Ct is small enough, 



CtCM^ \^Cl^{m - 1)\K'^-^ + cf^CLirn - i)\L'-'^K'^-'j < ^mlK"". 



Thus 



t 2 

Cm / / p{s,x,w)m{dw) [ - z) m{dy)ds 



+ y2^'rn [ [ p{s,x,w)m{dw) [ f ^ " V, z) m{dy)ds 

^ Jo Jud JRd \W - 2/r+" 



- 2 



Case 2. When \x - z\ > d. Let Bi = {y e M"'| \y - z\ > jq\x - z\},B2 = {w e M"'] - a;| > 
2~5 - zl} and Bs = {{w,y) e R'^ xW'-Wy — z\ < -^{x — z\, \w — x\ < 2~^\x — z\}. On B3, we have 
\w-y\>{l - ^- 2-^)\x - z\. 



Cm/ / p{s,x,w)m{dw) [ C-^ - ^) rn{dy)ds 

Jo jRd' 7]Rrf 1'*^ ~ yi 

+ ^^mj^ J^^p{s,x,w)m{dw) J^^ _ y^a+a ^rnS " s,y, z) m{dy)ds 

t 9 

<C^/ / Pis,x,w)m{dw) ^g^_i(i-s,y,z)lsi(y)m(dy)ds 

fix n ^ n n ^^^^^^ / \ 

+ y]Cm / / x, w;)m(du;) / , ^q^_i{t - s,y, z)lBi{y) m{dy)ds 

^ Jo Jr'I Jwi F - vr^ 

f 9 

+ Cln I / p{s,x,w)m{dw) / 1 ^i—q^_i{t - s,y,z)lB2{w)rn{dy)ds 

Jo Jwi Jwi \w - 

+ yi'^m I I p{s,x,w)m{dw) I r^q^_i{t - s,y,z)lB2{w)m{dy)ds 

7^^ Jo VRd Jwi \w - yr+° 
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p{s,x,w)m{dw) / -^q^_i{t- s,y,z)lBs{w,y)m{dy)ds 

j.'i jRd. \w — y\ 

+ y]C'm / / p{s,x,w)m{dw) / r^q^_i{t - s,y,z)lB3{w,y)m{dy)ds 



■ dyds 



+ ycin / p{s,x,w)m{dw) f ,^ MC^L'-^Ci{m-iy.K'^- \ 

^ ""Jo Jr^^ ' ^ ' JR'i\w-y\^+^ ' \x-z\<^+^ 

t 2 

+ Cir f dwC{MhW+-)- '-—^f J^^^q^_,(^t-s,y,z)dydsC 

Jo jRd \x - jRd \w - 

+ yci,r [ dwC{MhW+o^) sj q^_,{t-s,y,z)dydsC^V-^ 

+ C^C- J—— [ [ p{s,x,w)m{dw) [ ^-^q^_:^{t- s,y,z)m{dy)ds 

(1 - - 2'2)'i+a Jo Jud JRd \X - z\'^+'=' 

+ H <^-7^ 1 / / , ^(^' ^' / ^ I ,d+a ^m-i{i - y, z)m{dy)ds 

L 



+ 



(1 _ 1 _ 2-5)d+" |x 



—TJTZ [ / p{s,x,w)m{dw) / p{t - s,y,z)m{dy)ds 



< C^CtCM^Ci (m - 1) liC'^-i 10'^+° * 



m 



i=2 



( by (3.3) in statement 1 for n < m — 1) 



(1 - ^ - 2-5)<i+« \x-z 



( by (3.4) in statement 1 for n < m — 1 and / p{s, x, w)m{dw) < D2) 

jRd- 

m-1 t 

+ y 1 1 hl^D2CCt{m - iy.K"^-' 



10 

_l 

(1_ 1 _2-|)rf+«|x-2;|'^+" ^ 
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m 



\x — z 



. -1 

1=2 



\x-zr- 2Mi 



+ C^C 1 1 -J— DaCQfrn - ly.K"^-^ 



m-l ^ 



+ y 1 1 -f—D2CCt{m - i)\K'' 

U "^(i-^-2-^)'^+«k-^r" 

L'^Dl t 
(1 _ ^ _ \x — z|<^+" 



\x — z 



\d-\-a 



lit, , 



i=2 



2Mi' "i^ ~i<^+° 



\x — z 



(1_ 1 _2-5)<i+a ^ ' ' '\X-Z\d+^ 



10 

m— 1 



(1 - ^ -2-|)<i+° 



There exists ti4 > with < to such that when < t < tu, Ct is small enough and the sum of 
the first six terms in the above < \C\m\K'^ |^_^*|d+a • For the seventh term, we know that 



jm 1 

C 1 < -Cim\K'^, Vm > 0. 

(l-^-2-.)'^+« 4 
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Thus 



t 2 

[ I p{s,x,w)m{dw) [ ^^'ll q^_^{t - s,y,z)m{dy)ds 

Jo JRd \w - 

y^C*™ / / p{s,x,w)m{dw) / ^^l^q^_i{t- s,y,z)m{dy)ds 

t:i Jo JRd Jwd \w - 



=2 



2 ■ 

Combining case 1 and case 2, when < t < ti = min(iii, ti2, tis, tu), the sum of the first and the 
second terms in the expression of q^it, x, z) 

t 9 

Cm / Pis,x,w)m{dw) / r^q^_i{t- s,y,z)m{dy)ds 

Jo Jk.'' JRd F - y\ 

+ / / pis,x,w)m{dw) [ ^^^ll qm-iii - s, y, z) m{dy)ds 

t^o Jo Jmd Jmd \w - i/|<^+" 



1^ .,,»v, d I ^ tot \ 



< -Cim\K"H-^ 1 A 



2 \ \x-z\ 



For the sum of the third and the fourth terms in the expression of x, z) 

Cm I I p{s,x,w)m{dw) / ^^^q^_i{t- s,y,z)m{dy)ds 

J I JRd JRd \w - yr+" 

+ y]C'm / / P{s,x,w)m{dw) / I ^^l^q^_i{t- s,y,z)m{dy)ds, 

Ji JRd JRd \w - yr+" 



let t — s = s. This sum becomes 



Cm I I p{t-s,x,w)m{dw) / I r^q^_i{s,y,z)m{dy)ds 

+ / / p(i - s, a;, u;)m(dw;) / , ^r—q^_i{s,y,z)m{dy)ds. 

ti, Jo JRd Jmd F - yr^ 



There are two cases: 
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Case a. When |x — z| < i« , 



p{t- s,x,w)m{dw) / |^Q„_i(s,y,z)m(dy)(is 

+ y2^'rn / p{t-s,x,w)m{dw) / , r^q^_i{s,y, z) m{dy)ds 



i=2 



Jo jRd 2 JT^d \w - Ml 

~^ Jo JRd 2 It/; - Ml 

< C4(5i(2)-«OT'(7i(m - 1 Q + ^ C;,(7i(-)-lc'M'Ci(m - i)\K^-^ Q 

m 



^2' ^ ' Ml 

1=2 



CiCiCm' ( -)-^(C^(m - l)\K-^-'— + cY^Cl{m - ^y■K"''-'— ] Q 



There exists t2i > with t2i < h such that when < t < t2i, Ct is small enough 

1 / 1 _ 1 \ 1 1 



Thus 



Cm f [ p{t - s,x,w)m{dw) [ Y^-^^^^T^qm-\{s,y,z)m{dy)ds 

Jo JRd jRd \w - 

+ y2^^ / P{t-s,x,w)m{dw) ^g^_i(s,y,z)m(dy)ds 

Jo JRd Jud \w - 



- 2 



Case b. When \x- z\> t^. Let 5i = {y G R'^l |y - ^1 > ^\x - z\},B2 = {w & \w-x\> 
2~^\x — z\} and = {{w,y) G R'^xM'^l \y - z\ < -^{x — zl, \w — x\ < 2''^x — z\}. On Bs, we have 
\w-y\> il-^-2-h)\x-z\. 
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p{t - s,x,w)m{dw) rj—q^_i{s,y,z)m{dy)ds 

+ y]'^m / / p{t-s,x,w)m{dw) / ^^l^q^_i{s,y,z)m{dy)ds 



i=2 

<Ci I I p{t - s,x,w)m{dw) J^^ _ y^a+a '^rn-i{s,y, z)lBAy) Mdy)ds 



'0 




+ y!C'm / / p{t-s,x,w)m{dw) [ ^ f ^^^^l Qm-iis, y, z)1bi {y) m{dy)ds 

+ C'm / / p{t-s,x,w)m{dw) / ^ ^g^_i(s,y,2;)lB2(u;)m(dy)ds 

f ^ f f 'C^~F^ (u) 1 
+ yi^m I I p{t-s,x,w)m{dw) I ^q^_i{s,y,z)lB^{w)m{dy)ds 

+ C'm / / p{t-s,x,w)m{dw) I ^q^_^{s,y,z)lB3{w,y)m{dy)ds 

Jo jRd Jr<i \w - yr+" 

Jo JRd JRd \W - yr+" 

<Cll" f p{t-~s,x,w)m{dw) [ Ji^:^^CC,{m-iy.K^-HO^+"- 'm{dy)d~s 

Jo JRd Jri {yj - yr+" \x - 2;|'*+° 

JO JRd- JRd' ~ y\ 



i=2 

m{dy)ds 



\x — z 



dyds 



■^rp^dyds 
Ml ^ 

+ C^C- 1— — / / p{t - s,x,w)m{dw) I ^-TTrzqm-i{s,y,z)m{dy)ds 



{I- ^-2-2)d+a Jq J^d J^d\x- Z\<^+'' 

+ X]C'm- I' I P{t-s,x,w)m{dw) [ ^-r^Qm-iis , V , z)m{dy) 



i=2 '{1-^-2-2^+- Jo 
U"' 1 

■ ds -\ J -j T-rr— I I p{t — s,x,w)m{dw) I p{s,y,z)m{dy)ds 



(1_ 1 _2-|)<i+a \x-z\d+<^ Jq 
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m 



+ C^CiCM'2i('^+«)^ ^-^C,{m - l)!i^— 



\x — z 



+ y <^m ^^^^^ 1 ^-ii^CCt{m - iy.K""-' 

U "^(l-^-2-^)^+"k-^l'^+'^ 

( since statement 1 holds true for n < m — 1) 

W'D'i t 
+ ^ 



1=2 ' ' 

^-'^^1 F — ^1 

+ (V Ci^C\C^Mh^2i'i+")c\{m - i)\L'-^K'^-'-^)Ct 

• o 2Mi U — 2;| 



(1_ 1 _2-|)d+" ^ ^ ^ 



10 

m— 1 



+ (y <^m ^L^^ c{m - i)\K'^-')Ct-, ^-5— 



+ c 



m 7-)2 
2 



There exists t22 > with t2i < ii such that when < t < t22, Ct is small enough and the sum of 
the first six terms < \C\m\K^ |^_^*|d+a • For the seventh term, we know that 

l^JJ^ ^ iCimlif-. 

(l_i_2-.)^+« 4 
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Thus 



t 2 

Jo JRd \w - 

+ y]C'm / / p{t-s,x,w)m{dw) / -j—q^_i{s,y,z)m{dy)ds 

t:i Jo J^d Jr" f - yr 



=2 



2 ■ 



Combining case a and case b, when < t < t2 = min(f2i, i22)5 the sum of the third and fourth 
terms of q{t, x, z) 

^1 ^M'' JK.'i ~ y\ 

' f'^ f' f ^^^^^^ / \ 

+ yi<^m / / p(s,a;,u;)m(dw) / T^q^_i{t - s,y, z) m{dy)ds 



1^ . .-d I tot \ 



< -Cim\K"'t-^ 1 A 



2 I |a; — 2;| y 

Therefore, when < f < t2, 

1 A ^^^j 

i.e. the statement 2 holds for n = m. □ 

We know that for given / > 0, {t,x,z), because of omission of the index /. 

However the expression of q^{t,x,z) doesn't depend on I. So the constant t2 in Theorem doesn't 
depend on I. 

By the above theorem, we have when < i < t2, 

n\ \ \x — z\ I 1 — K \ \x — z\ 

n=0 n=0 \ / \ / 



Recall that \qn{t,x,z)\ < q^{t,x,z), for any n > 0, i.e. {qi, \t, x, z)\ < q^(t,x,z), for any n > 0, 
because of the omission of the index I. It is clear that X]n=o ri\'^ uniformly convergent on 
[e,to] X M*^ X M'', for any e > 0. Note that \voa.i^ooq^ {t,x,z) exists, for any n > 0. We define 
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q'^^Ht, X, z) = ^^^^p^. Then it is easy to see that hm/^oo Q^^Kt, z) exists and its absolute 

value < q{t, x, z). We denote linii^^oo x, z) by q{t, x, z) and we have 

(j_ \ d+a 
lA^^j . (3.6) 

Choosing / to be positive integers, we know that 

'{t) = 2^F{Xs-,Xs)li\x^^-x^\>i/i} - / / _ m{dy)ds 

g,^^ J {) J JK. I s y \ 

is a local martingale. Define 

L^>{t) =exp{y{ln{l+F{X,^,X,)l{\Xs-,Xs\>i/i})- / m{dy)ds 

Jo JR'i - y\ ^ 

and 

L{t) = exp( hm + V(In(l + F) - X,)). 

»oo ^ — ' 

s<t 

By an argument similar to that used in [9] , we have the following: the limit \imi_^ vl^'^ (t) exists in 
the sense of convergence of the norm of the space of square-integrable martingale and convergence in 
probability under and the limit is also a martingale additive functional of X; L^^\t) converges to 
L{t) in probability which is a local martingale and thus a supermartingale multiplicative functional 
of X; L{t) defines a family of probability of measures {^x^x € M.'^} on Aioo by dFx = L{t)dFx on 
Mt- Let X = {Xt,M,Mt,Px,x G M°') denote this new process. Although Xti^^) = Xt{uj), we use 
Xt to emphasize it is under P^.. This process is a purely discontinuous Girsanov transform of X. 

bmce converges to L{t) in probability, there exists a subsequence L*^'')(t) of L^^\t) such 

that 

lim L^^'\t) = L{t). 

On the other hand, since lim;^oo q^''^\t, x, z) = q{t, x, z) and q{t, x, z) is integrable under the mea- 
sure m{dy) by (3.6), we have 



f q{t, X, z)g{z)m{dz) = ¥.x[L{t)g{Xt)], 



for any bounded measurable function g, i.e. q{t, x, z) is the transition density function of the purely 
discontinuous Girsanov transform of X. Thus the upper bound of the transition density function 
is obtained. 

Next we establish the estimate of the lower bound of q{t, x, z). 
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Lemma 3.4 For any positive integer I, there exist ^2 > and a large enough positive integer k 
such that when < t <t2, 

< lp{t,x,z), y{x,z) eR'^x M<^. 

Proof. By Theorem 3.3, for any positive integer there exists ti> ^ which doesn't depend on / 
such that when < i < 

1 A^^J 

On the other hand, by (1.1) we have 

lAi ^1 <p{t,x,z). 

\x — z\ I 

Thus it is easy to see that the statement holds. □ . 

The above lemma implies that for any positive integer /, when < t < t2, 

1+ \ .(t\{t-,x,z) \q{^{t,x,z)\ \ 
p{t, X, z) + — > p{t, X, z) i — > -p{t, X, z). 

We know j^,'l^^^m{dz) = Ex[^g{Xt)], for any g bounded measurable. Let Br be the ball 



{x G M : |x| < r}. Since 1 + <e k , we have 

^(0 



E,[(l + ^)lBXXt)\ < —E,[e—lBAXt)] 



Thus 



BJ k ' " - \B. 



1 1 „ . 1 „ . ff' 



Therefore 



2 \Br\ ' " ~ \Br\ 

< (^E,[e^*'lB.(XO])i(^E,[lB.(Xi)])i-i 
( by Holder inequality ). 



\Br, 

i.e. 



lij^^mBAXt)])-- < (^E.[e^''lB.(X,)])i 



I.e. 
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Let r I 0, we have when <t <t2 



^p{t,x,z)<q^^\t,x,z), V/>0. 



Since q{t, x, z) = hm;_>oo x, z), we have 

1 



2fcP(*'2;,2:) < q{t,x,z). 



Thus we obtain the lower bound of q{t, x, z). 

It is easy to see that the semigroup property of e"^* ^ imphes that 



/ q^^\t,x,y)q\s,y,z)dy = q^^\t + s,x, z), Vi, s > 0. 

Thus by taking hmit Um;_>oo) we have 

/ q{t, X, y)q{s, y, z) dy = q{t + s, x, z), Vi, s > 0. 

By this property and the lower and upper bounds of q{t, x, z) when < t < t2, we have the following 
theorem 

Theorem 3.5 There exist positive constants C^^C^^C^ and Cq such that 

1 A r-^^ I < q(t, X, z) < C^e'^^H-^ ( 1 A | (3.7) 

\x — z\ j \ \x — z\ j 

for all {t, X, z) G (0, 
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